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Positivity proofs for linearization and connection coefficients of orthogonal

polynomials satisfying an addition formula *)

by

T.H. Koornwinder

ABSTRACT

For orthogonal polynomials in one or several variables which satisfy
an addition formula of certain type it is proved that the linearization co-
efficients are nonnegative. For two classes of orthogonal polynomials which
satisfy related addition formulas a sufficient condition for nonnegativity
of the connection coefficients is given. The results are applied to Jacobi,
Laguerre and disk polynomials. In particular, Dunkl's recent expression of
a certain Jacobi polynomial times a simple polynomial as a sum of Gegenbauer

polynomials with nonnegative coefficients is generalized to all real o 2 0.

KEY WORDS & PHRASES : positivity of linearization coefficients; positivity
of comnection coefficients; addition formula; Jacobi
polynomials; Laguerre polynomials; disk polynomials;

spherical functions on compact homogeneous spaces.

* . . . . . .
) This paper is not for review; it is meant for publication elsewhere.
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INTRODUCTION

Consider orthogonal polynomials pn(x) such that

1

fp,p () daGx) = (m )78 .

e coefficients in the formula

-1 p,(x)p (%) = %a(l,m,n)ﬂl py (x)
e called linearization coefficients. If {qn(x)} is another orthogonal sys-

m of polynomials then the coefficients in the formula
.2) p4m=£bmm%m)

e called connection coefficients. For the harmonic analysis with respect
such polynomials it is important to know whether the coefficients a(%,m,n)
d bn, are nonnegative, cf. the survey papers by ASKEY [2] and GASPER [10].
the case of Jacobi polynomials the two problems have been solved by GASPER
J, [8] and by ASKEY & GASPER [3], respectively.

The first main result in the present paper is a positivity proof for the
efficients a(2,m,n) in the case that the polynomialg pn(x) (which may be
lynomials in several variables) satisfy an addition formula with certain
alitative features. In particular, the addition formula for Jacobi poly-
mials R(a’

n
oof for part of GASPER's [7] results. This proof is much less computational

B)(x), o > B > -4, has the required form. Thus we obtain a new

an Gasper's original proof. The same method also applies to disk polynomials
class of orthogonal polynomials in two variables on the unit disk).
re the results are probably new.
Our second main result is the derivation of a sufficient condition for
e positivity of the coefficients in (1.2), whenever pn(x) and qm(x) satisfy
lated addition formulas. In the case of Jacobi polynomials this approach
no improvement compared with the proofs in ASKEY & GASPER [3]. However,

the polynomials pn(x) are disk polynomials restricted to the real axis




and the polynomials qm(x) are Gegenbauer polynomials then it can be shown

by our methods that

ko(a,k) (2 0y _ (z0-3,3a-3)
(1.3) X R (2x°-1) = z by Ry2 225 (%)

with bi > 0 if o 2 0, thus extending DUNKL's [5] result in the cases
a=0,1,2,... .

If the polynomials pn(x) and qn(x) can be interpreted as spherical
functions on compact homogeneous spaces then the positivity of a(2,m,n) and,
sometimes, the positivity of bn,m can be obtained from this group theoretic
interpretation. For Jacobi polynomials and disk polynomials such an inter-
pretation is possible for certain discrete values of the parameters. Addition
formulas can be considered as formulas containing much analytic information
of group theoretic nature, even if the polynomials have such parameter values

that no group theoretic interpretation exists. The proofs of our main results

imitate the proofs for the corresponding results on spherical functions.

2. PRELIMINARIES

Jacobi polynomials Rﬁa’s)(x) (a,B8>-1) are orthogonal polynomials on the

interval (~1,1) with respect to the weight function'(]-x)a(1+x)8. They are

normalized such that Réa’s)(l) = ]. We have
1
(2.1) a+6£](0.+8+2) f R(a’B)(X) Rr(lasg)(x> R
2 F(a+1)r(p+1) -1
. (l-X)a(HX)8 dx = (néa,B))‘l m,n’
where gy (nrarBrD) (D) (aree2)
n P E (n+a+B+1) (B+I)n n:

Laguerre polynomials Lz(x) (a>-1) are orthogonal polynomials on the
interval (0,~) with respect to the weight function e X x%. They are norma-
lized such that Lz(O) = (a+!)n/n!. Laguerre polynomials can be obtained from

Jacobi polynomials by the limit formula




1

.2) LE(x) /L2 (0) = lim RrEa’B)(l—ZB— x).

B0

Disk polynomials Rz n(z) (a>-1, m,n=0,1,2,..., z € C) ar

b
rms of Jacobi polynomials by

, a idy . _ (a,|m—n]) 2_ Im-n| i(m-n)¢
'.3) Rm,n(r e ") : RmAn 2r -Dr e ,
lere

mAn : = min{m,n}.
: have I
, o+1 o . o .
'o4) — ff Rm,n(X+lY) Rk,l(X+ly)

x +y <1
2 2.0 _ /.0 -1
(1-x"=y") dxdy = (ﬂm’n) m,k6n,£’

lere

o . (m+n+a+l)(a+l)m(a+l)n

m,n (a+1) m! n!

Orthogonal polynomials Rz’i(x,y) (a,8>-1, n,k integers,
b

gion bounded by a straight line and a parabola can be defin

icobi polynomials by

- 1 _

t.5) Ri’i(x,y) : = Rﬁ“’3+n k+%)(2y—l) yz(n k) | R(ﬁig)(
: have 5 .

T'(a+BR+3) 1 y?

2 a,B a,B
.6 R B (xR Bx,y) -
) T(at1)T(B+1)T(3) yio xi_y% n,k(x y) m’g(x y)
- o - 2 B —- (X,B _1
(7)) dxdy = (nn,k) n,m k,%’

lere

B (20-2k+28+1) (ntkra+B+3)

n,k ° (n‘k+28+1)(n+a+8+%)

(o 1), (28+2)__ (ot 2)_

' (n=k) ! (B+3
k!o(n-k) ! (B+3)

The following addition formulas are well-known. For Gege

ymials Réa’a)(x) (a>-}) we have

ned in

on a

terms of

poly-




. R(Y Gy (1)) F-yD) e =

n (DS, 20y, bk (
= 1 —x (1= R
k=0 2 (a+l)k(a+l)k

at+k,a+k)
% i

N

k —1 o= - -
Rég;k,a+k)(y)ﬂ£a 5,0 %)Réa $),074)

- (1-y%)
'RDELYI [6,3.15 (20)].
For Jacobi polynomials Réa’s)(x), a > B8 > -}, we have
1
2
» Ria’B)(£(1+x)(l+y) + 3(=x) (1-y)t + (1-x2) (1-y
n k (-D)E?

L)

& L 2k
k=0 2=0 2 (a+1)k+2 (a+])k+l

(-n)k(-n-B)z(n+a+B+l)k(n+a+1&

]

(l—x)%(k+2)(1+x)£(k—2)Réf;k+R’B+k—z)(x) .

(1=y) FOHE) (g U (bt Bok=) oy

a-g=1,8-} Lag-1,8-}
M, 8 R g (s,t),

{OORNWINDER [101,[111,0121,[131,[14].

Finally, for disk polynomials R§ n(z), a > 0, we have
b

- - 1 - !
a - 2 - 2 =
R (ZIZZ + (1 z]z]) (1 2222) W)

m,n
k+2

) m o (-1) (-m)k(—n)l(nwﬂ)k(m+0t+1)2 .

k20 220 (D @Dy

o= 3 (kHR) Jatk+e .
(1-2,2)) Rok,n-2 1)
= (3(k+2) _ot+k+2 a=1 _a-1

° - 2

(1=2,2,) Ro—k,n-2(%2) k5 By p (W)

JAPIRO [15] and KOORNWINDER [111].

We conclude this section with the following lemma.




EMMA 2.1. Let a, B > -1, n=20,1,2,... . Then

) 1
' {o+B+2) f R(2a+l ’28+l)(x)(l—x)a(l+

B+l hosry r(ge1) -1 B

2
0 if n 28 odd,

(%)m B+1)

>0 Zf n = 2m.

\(a+§)m (oa+B+2)

’ROOF. By expanding the Jacobi polynomial as a hypergeometri
in 1(1-x) we obtain that the left-hand side equals

3F2 -n, n+2a+28+3, a+l; 1] =
a+B+2, 20+2 H

_ I ()T (0+3)T (a+B+2)T (-B)
T (-In+1)T (Jn+a+B+2)T (in+o+3)T (-3n—B)

_ sinn(3-in)sinn(-in-B) I'($+3n) | T(1+B+3n)
sinm (-R) r(3) T(1+8)

. T(a+¥) | T(o+B+2)
T (a+i+In) T (a+B+2+in)

shere the first equality follows from Watson's theorem (cf.

6, 4.4 (6)1). U

3. THE CASE OF SPHERICAL FUNCTIONS ON COMPACT HOMOGENEOUS SP

Let G be a compact group with closed subgroup K such th
lucible representation of G contains the representation 1 of
et Q: = G/K, let Eg € Q be stabilized by K and let dw be th

jormalized measure on Q. Let

(3.1) t2@) =73 ®H
n

n

1l

.r series

h irre-
most once.

variant




2 unique orthogonal decomposition of LZ(Q)
respect to G. Let ¢n be the (zonal) spheri
2 zonal (K-invariant) function in Hn which
; a zonal and continuous function on Q the
x Q satisfying (i) ¢(g&,gn) = 9(&,n) for a
)) = ¢(&) for all & € Q. Let m denote the

-1
[ 6 (€6 _(8)dw(E) = (m )78 .

Q m,n

1
.

k = 1,...,nn} is an orthonormal basis
formula

m

n
YOENEEN(n) .
k=1 k k

-1
<I>n(€,n) = (ﬂn)

> formula

¢ (E)o_(£) = % a(2,m,n) 7 ¢, ()

finitely many terms are nonzero.
For Theorem 3.2 below we need the followin

be a closed subgroup of G, let K := K n

! 1l
1cible representation of G1 contains the r

Let @, := {g&o | g e Gl}' Then 9, = GI/KI

lized measure on Ql' Let the irreducible s
to G1 be denoted by Kn’ let Kn have dimen

2 K]-invariant function in Kn which has va

iant and continuous function on Q] then 1le

21 satisfying (i) ¥Y(g&,gn) = ¥(&,n) for al

)) = y(g) for all ¢ ¢ 2. Note that if ¢ i
ariant continuous function ¢ on  then V¥ i

2 In the formula

E

¢ (&) = E b w8, Een,

,mM

irredu
nction
alue 1
d be t
€ 2,

sion o

then w

tional

suppo
ntatio

dw] be

es of

and
n

in EO.
the £

€ Ql’

restri

restri

subspaces
, i.e. the
L

)
que function

and (ii)

Then

. the addi-

ptions.
.t each

Kl at most

vl-invariant

with re-

be the
'is a Kl-
n on

and (i1)
to 2, of a

1
of ¢ to




1ly finitely many terms are nonzero.

It is well-known that the coefficient a(2,m,n) in (3.4) and bn
‘e nonnegative. Usually this is proved by using the positive defin
* spherical functions. For didactic reasons we now give the proofs

what different form adapted to the proofs of the main theorems in

[EOREM 3.1. The coefficients a(L,m,n) in (3.4) are nonnegative.
00F. Choose an orthonormal basis {fﬁ} of Hn and let f? : = ("n)%¢
: have

¢ (E,n) ¢ (£,n) = % a(%,m,n)m, &, (g,n) =

a(L,m,n)f (8) £, ().

Iho~—3
o

—

nce

(€,n)¢>n(€,n) ¢2(€)¢2(n) dw(g) dw(n) :

=]

a(f,m,n) = T f ®
Q

-1 m

|
9]
)

= “Q(nmnn)

o~ 3

. EEAGEHORE
1=l 3=1 QQ

£3(E) £1(n) $,(8) ¢, (n) du(e) du(n) =

o~ 3

n
=T (n T ) z

n m n 2
] | é £1(8) £5(8) ¢, (&) du(®)]” >

j
Essentially the same positivity proof can be used in the case ¢

zation coefficients of Q-functions on an association scheme (cf. I

, Lemma 2.4]).

EOREM 3.2. The coeffictents bn o in (3.5) are nonnegative.

9

O0F. Choose an orthonormal basis {f } of H and {gk} of K .

t gl : (p )2 o For £, n € Q] we have




m -1 m m
(
1 bynlen) &) g, ().

He~—mo

® (£,n) = g bom Y& = ; §

2
bom = () é é 2,8 b (8 () de (8) du (n) =
11

1]

2, -1 ¢ —— —— :
(o )" (m ) kzn [ [ £.6) £.(n) ¥ (8) ¥ (n) duy(2) du(n) =
=] QIQI
ﬂn
I £ vy (€) du(8)

k=1 Ql

I 2
|

0 ) )T >0. O

. CASE OF GENERAL ORTHOGONAL SYSTEMS OF FUNCTIONS SATISFYING AN
JITION FORMULA

.t A and B be compact Hausdorff spaces with Borel measures o respecti-

} such that 0 < a(El) < o and 0 < B(Ez) < © on nonempty open subsets E]

ind E, of B. Let {pn} and {r_} be families of continuous functions on

g

vectively B such that ro(t) 1 and
_ -1
£ P, (x) p_(x) da(ﬁ) = () Gm’n,
_ -1
é r,(8) r (£) dB(e) = (o)) &,

0 <m < o 0 < Py <= Suppose that

pm(X) pn(X) = % a(t,m,n)m, p,(x)

mly finitely many nonzero terms. Suppose that A is a continuous mapping

v\ X A x B to A such that for each n there is an addition formula of the

P15y, = Te PR ) pr(Y) Py T (6,




ere k is continuous on A 0. c >0, c >
Pn > Py T Ppo n,k > "n,0

only finitely many coefficients c are nonzero.

n,k
Observe that the addition formulas (2.7), (2.8) and

st described.

EOREM 4.1. Under the above assumptions the coefficient

2 nonnegative.

JOF. We have

pm(A(X:Y’t)) Pn(A(x’Y9t)) = % a(£’m9n)“2 Pl(
k k
= gzk a(l,m,n)ﬂzcz,k pR(X) Pl(Y)Dk rk(t)-

ace

-1
a(zam,n) = (c ) m f f f P (A(x,y,t))
%50 YAag ®

. Pn(A(x,Y,t)) P, (x) p,(y) da(x) da(y) dB(t)

-1

=0 T Ry “m,i i %n,j %5 °
1,]
L] B0 pa() £y (0) B0 pI ) xy (o) -

AAB

© p, () p,(y) da(x) daly) dB(t) =

=g ™ E °mi ®n,i °i

>

Do pley

. P;(X) p;(y) P, (x) p,(y) da(x) da(y) =

3
(=]
=]
(=]

= (cz,o) U g i C P | i p;(x) p;(x)

v

0. 0O

For the next theorem we make some additional assump

be closed subspaces of A and B, respectively, with Bo

there for each

' have the form

m,n) zn (4.3)

©) =

do(x) Iz

Let A] and
asures o

IOIl
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Al and B] on B], which are finite and positive on nonempty open subsets.
Let {qm} and {sm} be orthogonal systems of continuous functions on A1 re-

spectively B, with respect to these measures and denote the inverse quadra-

1
tic norms by Ko and o respectively.

Let so(t) = 1. Suppose that

(4.5) p(x) =)b _q(x), xceAi,
m b

with only finitely many nonzero terms. Suppose that for each m there is an

addition formula of the form

(4.6) q (A(x,y,1)) = E dn i qg(x) qi(y) 0,5, (8,

k . . 0
X,y € A, t e B]’ where q, 1is continuous on Al’ 9, = 90 dm,k >0, d 0

>
1° m,0
and where for each m only finitely many coefficients d_  are nonzero.
b
The above assumptions are satisfied, for instance, by two classes of
Jacobi polynomials of different orders or by a class of disk polynomials

together with a class of Gegenbauer polynomials.

THEOREM 4.2. If the above assumptions are satisfied and if for all k

(4.7) f r (t) d8 () >0

B

then the coefficients bn o in (4.5) are nonnegative.
5

PROOF. For x,y € A t € B, we have

1° 1

Pn(A(X,Y,t)) = zi bn’m qm(/\(X,Y,t)) =

_ k., k
i mgk Po,m ke W) ) o 5 ().

Hence

- 2
bon= (o) l(Km) [ [ p_(A(x,y,t)) -
Ay A B

. qm(X) qm(y) dal(X) da](y) dB,(t) =




2 k k
=@ o« Je o [ p (x)p () -
m,0 m n,k "k AlAlBl n n

. rk(t) qm(X) q (y) da, (x) da](y) dg,(t) =

]
~
(=9

NS RCRES) il T 48, ()) -
1
k 2
| £ P (x) q (x) da;)[*. D
1

APPLICATIONS TO THE LINEARIZATION OF PRODUCTS OF JACOBI, LAGUERRE AND
DISK POLYNOMIALS

In this section Theorem 4.1 will be applied to Jacobi and disk poly-

mials. Some further results for Jacobi and Laguerre polynomials will follow.

)ROLLARY 5.1. For Jacobi polynomials Rﬁa,B)(x)’ a 2B 2 -1, we have

m+n
R0 ’ROP 6 = T atmn) 1 PR 0

£=|m-n

‘th a(2,m,n) 2 0.

This result was first obtained by GASPER [7], [8]. In fact he proved
e nonnegativity of a(%,m,n) for a larger region in the (o,B)-plane includ-
g {(a,B) | a 28, a+ 8 >-1}.

IROLLARY 5.2. For disk polynomials R; n(z), a > 0, we have

b

a a a a
R (z)R (z) = z a(m, ,n, ;m,,n,;m,,n, )T R (z)
m ,n, m,,n, my,n, 1°71°72272°73°73 my,Ny Mg,N,

th a(ml,nl;mz,nz;mB,n3) > 0. In the above sum the pair (m3,n3) takes such

‘lues that m o +m, +my =m0 +n,+n, and Im] *n o-m, - nzls m; + ng <
m, +n, +m, +n,.
Except for the cases o = 0,1,2,..., where the nonnegativity follows

‘om the group theoretic interpretation, this result is probably new.

SCH CENTRUM
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JOROLLARY 5.3. If a 2 0 and k,%,m,n are nonnegat

Réa’k)(x)Réa’z)(x) _ Z c R(a,k+2)(x)

"1 mtn-i
i

vith c; 2 0. In the above sum i takes such integ
) < i< (mn) A (2m+k) A (2n+L).

ROOF. Use (2.2) and Corollary 5.2. [J

JOROLLARY 5.4. If k,%2,m,n are nonnegative intege

k+2
m+n-1i

L:l(x) Li(x) - g -t e, L (x)

vith c. = 0.
i

’ROOF. Use Corollary 5.3, formula (2.2) and the

n
Rr(la,B)(__x) = (—1) (B+])n R(B,a)(X).

(cx+l)n

JOROLLARY 5.5. If a 2 0, 0 < A <1 and m,n are n

o a o
L Ox) L ((1-M)x) = } c; () L (0

v th ci(x) > 0.

ROOF. It follows from Corollary 5.3 that for no

n,n,p,k,%,t we have

t
i lelo"kt) (-2¢"1x) R[(l“’“)(l-zc'lx)
0
. R;a(k+£)t)(l_2t-lx) Xa(l_t—lx)(kﬂl)

[f t > » then it follows by (2.2) that

[ 1200 1200 Lm0 e~

0




ice
[ 1L20x) LE((1-0)x%) LY (x) x"e F dx 2 0
o m n )
- all rational A, 0 < A < 1. By continuity this
0<x<1. 0O

APPLICATIONS TO CONNECTION COEFFICIENTS FOR JAC
POLYNOMIALS

In this section we consider applications of T

OLLARY 6.1. Let a > b > -}, a > B8 > -},

(a,b),, _ ¢ (a,B)
1) R (x) = mZO bn’mRm (x).

for all nomnegative integers k,j

1 .
2) @-5; | RGP () (107 (1

:m the coefficients b o in (6.1) are nonnegativ

JOF. It follows from Theorem 4,2 and the additio
>0 if

1 y —b=1.b- -g—
R Ly (-7
y=0 x=-y

1

(y-xz)B_%dx dy 2 0 for all k,&.

(2.5) this is equivalent to

1
J RGBT (g (1oy) 7B 1y B4
-1
1
o f R'lgt_);%’b—%)(}()(l—xz)s-£ dx = 0.
-1

13

o true

LYNOMI

4.2.

ula (2




:cond integral is zero if k-2 is odd and it has the s

| (k-2) if k-2 is even (cf. ASKEY [2, (7.34)]). [

fo a large extent the problem on the positivity of the
in (6.1) has been solved by ASKEY & GASPER [3]. It doe
:duction of this problem to inequality (6.2) is a big

with the methods of proof used in [3].

:r, in the particular case that a = 2a + 1, b = 28 + |
1equality (6.2) immediately follows from Lemma 2.1. No
in sense, the point (20+1,28+1) is extreme in the set

:hat all b > 0, cf. [3, Theorem 2].
n,m

b
ARY 6.2, If a 2 0, -1 < B < ja = } and Zf n,k are non

[n+ik]

k (a,k) 2_ _ (B’B)
xR = ] by Ryt (0
i=0
». 20,
i
ly=1 -
, If -1 < B < {a - } then R(Za 1,30 %)(x) is a linear

lve coefficients of polynomials RéB’B)(x) (cf. ASKEY [
it is sufficient to give a proof in the case B = ja -
. a
1and side of (6.3) equgls Rn+k,n
:m 4.2 and the addition formulas (2.9) and (2.7) that

(x), where x is real.

(6.3) are nonnegative if

1
f Rq_! (x)(l—xz)ia_]

i dx 2 0 for all i,j,
-1 ’

juivalently, if
1
/ Rélo‘"’“)(x)(l—x)%“"’(1+x)z Podx > 0
-1

l1 m,2. Lemma 2.] shows that this last equality is val

lhe above result was proved by DUNKL [5] in the cases
ing the group theoretic interpretation. As a corollary

that the function

gn as

icient
seem t

ement

8 > -}
t, in

(a,b)

ve the

ation
34)1).

(2.3)
lows f

effici

1,2,..
‘[114d
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{(1-r) (1-s)(1-t) [(1-r)(1-s)(1+t) +

a3

+ (1-r) (148) (1-t) + (141) (1=s) (1-t)1} 2

s nonnegative power series coefficients for a = 0,1,2,... . Because of

r Corollary 6.2 Askey's result is valid for all real a = O.
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